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PhosphorylationGenerally, circadian clocks or biological oscillations are resistant to external conditions such as
temperature and nutrient concentration. We propose that enzyme-limited competition provides a
general mechanism of homeostasis of the period of post-translational oscillators based on protein
modiﬁcations, and demonstrate it by nutrient compensation in a theoretical model of cyanobacte-
rial circadian clock. The rate change by nutrient concentration is counterbalanced by the amount of
available free enzyme, which occurs because of the competition among the various substrates for
the limited enzyme. The temperature and nutrient compensation are determined by the postulate
that the catalytic modiﬁcation reactions are rate limiting.
 2014 The Authors. Published by Elsevier B.V. on behalf of the Federation of European Biochemical
Societies. This is an open access article under the CC BY license (http://creativecommons.org/licenses/
by/3.0/).1. Introduction
Biochemical oscillations are commonly observed from cells to
humans and provide the basic functions for the organism. Such
oscillations are thought to work as pacemakers, and the mainte-
nance of their characteristic period to a constant value against
changes in external conditions is important. To date, it is known
that some of such oscillators show homeostasis against external
changes [1,2].
Indeed, circadian clocks, one of the most important biological
oscillators, are known to be resistant against various types of
stimuli. The most prominent example is temperature compensa-
tion, i.e., robustness of the period against temperature changes.
In addition to temperature compensation, circadian clocks show
robustness against changes in trophic conditions, which is called
nutrient compensation [3–5]. Such homeostatic features (i.e., tem-
perature and nutrient compensation) are known to be universally
conserved across a wide range of organisms, and their mechanisms
have been investigated. Moreover, the relationship among differ-
ent homeostatic responses of clocks have been also discussed
[6,7]. However, the question how various homeostatic responses
are achieved simultaneously remains unsolved.
Here, we propose a general mechanism and suggest a condition
for homeostasis of the period of post-translational biochemical
oscillation against various environmental changes. The post-
translational oscillation, which consists of modiﬁcation anddemodiﬁcation reactions of proteins without de novo transcription
and translation, is one of the basic mechanisms of circadian clocks.
Indeed, the Kai-protein system, which constitutes a cyanobacterial
post-translational clock, has been investigated in depth as a basic
model. Kondo and his colleagues succeeded in the in vitro recon-
struction of the cyanobacterial clock by mixing three proteins,
KaiA, KaiB, and KaiC, with adenosine triphosphate (ATP) as the
energy source [8]. KaiC has a hexameric structure with six
monomers, each of which has two phosphorylation sites [9]. Fur-
thermore, it has both auto-phosphorylation and auto-dephospho-
rylation activities; however, since the auto-dephosphorylation
activity is usually stronger, the protein is spontaneously dephos-
phorylated [10,11]. The binding of the dimer of KaiA [9] to KaiC
enhances KaiC’s auto-phosphorylation activity, leading to its phos-
phorylation [11,12], while KaiB inhibits the activity of KaiA [11,13].
This phosphorylation/dephosphorylation process of KaiC consti-
tutes a circadian rhythm.
In a previous study focused on a model of the KaiC system, we
showed that the temperature compensation of biochemical oscilla-
tors is achieved by enzyme-limited competition (ELC) [14]. The
model consisted of catalytic phosphorylation reactions and non-
catalytic dephosphorylation reactions for KaiC modiﬁcation sites,
with KaiA as the catalyst. Each phosphorylation reaction competes
for the limited abundance of the catalyst. When the external tem-
perature is increased, the competition for the catalyst among the
substrates increases, leading to a decrease of the amount of free cat-
alysts. We showed that the decrease of the amount of free catalyst,
indeed, could counterbalance the temperature-induced increase in
the rate of elementary reactions, when two conditions are met:
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2. The activation energies of the catalytic reactions are higher than
those of the non-catalytic reactions.
The ﬁrst condition is required to limit the amount of enzyme,
while the second condition is needed for the catalytic reactions
to be rate limiting. Hence, the speed of a catalytic process is more
sensitive than that of a non-catalytic process, because the rate con-
stant depends on the temperature according to the Arrhenius’s
law: k / expðEa=kTÞ where Ea is the activation energy and T is
the temperature.
Although the temperature is one of the key factors that alter the
speeds of biochemical reactions, other factors can also play a role.
For example, rate constants depend on the changes in the
concentrations of donor substrates (e.g., ATP for phosphorylation,
S-adenosyl methionine for methylation, and acetyl-CoA for acety-
lation) following mass-action kinetics or Michaelis–Menten type
kinetics. Osmotic pressure and pH also affect the rate constants
because of protein denaturalization. However, it is unknown
whether there is a mechanism that commonly compensates the
period against such changes in the reaction speeds.
Here, we show that the ELC can work as a general framework
for homeostasis of the period of biochemical oscillators. As an
example, we show that the nutrient compensation of the period
is achieved by ELC. Because the nutrient compensation at the
level of organisms may involve more complicated mechanisms,
it is important to ﬁrst understand the mechanism at the molecu-
lar level. At the molecular level, changes in nutrient conditions
lead to drastic changes in the concentration of the donor sub-
strates through metabolic networks and, thus, alter the speed of
modiﬁcation reactions. In spite of such changes, circadian clocks
tick with almost the same period. Indeed, the reconstructed Kai
system showed homeostasis of the period against changes in
the concentration of ATP [3,5]. Therefore, to understand the
mechanism of nutrient compensation at the molecular level, we
should consider the homeostatic response against changes in
the concentration of donor substrates. Here, we will show that
such nutrient compensation can be achieved by ELC at low met-
abolic condition. Moreover, such homeostasis of the period is
demonstrated to be robust against not only the changes in
parameter values but also in the components and a structure of
the reaction network.
2. Models and methods
We adopted the KaiC allosteric model previously reported
[14,15]. In this model, each KaiC monomer has two states (i.e.,
active and inactive) that are allosterically regulated. Moreover,
KaiC hexamers in the active state can be phosphorylated, whereas
those in the inactive state can be dephosphorylated. According to
the concerted Monod–Wyman–Changeux (MWC) model, a phos-
phorylated KaiC monomer energetically prefers the inactive state,
whereas a dephosphorylated KaiC has the opposite tendency
[16]. Here, the ﬂip–ﬂop transition between active and inactive
states occurs only from the fully phosphorylated or fully dephos-
phorylated states. No inter mediate states are assumed. Hence,
the reaction process exhibits a cyclic structure. Note that KaiB
was not explicitly included here, because changes in the concentra-
tion of KaiB only slightly affect the period [17].
Furthermore, KaiA facilitates the phosphorylation of active KaiC
with an afﬁnity that depends on the number of phosphorylated
residues on each KaiC hexamer. KaiCs with a smaller phosphoryla-
tion number have stronger afﬁnity to KaiA and are phosphorylated
faster. This assumption is necessary for generating stable oscilla-
tions [15] and partially veriﬁed by the recent experiment [18].
Then, the reactions are given byC6!f eC6; eC0!b C0; eCi!kdp eCi1 ð1Þ
Ci þ A ¢
kAf
kAbi
ACi!
kp
Ciþ1 þ A ð2Þ
Here Ci and eCi denote active KaiC and inactive KaiC, respectively,
with i phosphorylated sites; A denotes free KaiA dimer and ACi
denotes the KaiA–KaiC complex with i phosphorylation sites.
Here, the formation and dissociation of KaiA–KaiC complexes
occur at much faster rates than other reactions do and, therefore,
are adiabatically eliminated. Then, ordinary differential equations
for such reactions are given by
d½Ci
dt
¼ ð1 di;0Þ
kp½Afree½Ci1
Ki1 þ ½Afree
 ð1 di;6Þ
kp½Afree½Ci
Ki þ ½Afree
þ di;0b½eCi
 di;6f ½Ci ð3Þ
d½eCi
dt
¼ kdpðð1 di;6Þ½eCiþ1  ð1 di;0Þ½eCiÞ  di;0b½eCi þ di;6f ½Ci ð4Þ
where di,j is Kronecker delta (di,j = 1 when i = j, di,j = 0 otherwise), [x]
indicates the concentration of x, and Ki(=kiAb/kAf) are the dissociation
constants. The change in the concentration of free A (which will also
be denoted as [A]free for clarity later) is given by
½Atotal ¼ ½Afree þ
X5
i¼0
½Afree½Ci
Ki þ ½Afree
ð5Þ
Considering the increase in afﬁnity for KaiA with the number of
phosphorylated sites, we set Ki = K0ai (a > 1.0).
The rates of phosphorylation and dephosphorylation depend on
external factors such as temperature and nutrient conditions. The
temperature dependence of phosphorylation and dephosphoryla-
tion reactions follows the Arrhenius kinetics as kp / expðbEpÞ
and kdp / expðbEdpÞ, where b is the inverse of the temperature
by taking the unit of the Boltzmann constant as unity and Ep and
Edp are the activation energies of the phosphorylation and dephos-
phorylation reactions, respectively. The model is known to re pro-
duce the circadian rhythm of the phosphorylation level [15], as
well as the temperature compensation of its period [14].
Here, the dependence of a reaction speed on the concentration
of ATP is explicitly considered. We chose two forms of reactions,
mass-action kinetics and the Michaelis–Menten kinetics. The for-
mer assumes that the phosphorylation reactions are immediately
completed when ATP binds to the KaiA–KaiC complex, and the
latter assumes that the binding reaction between ATP and the
KaiA–KaiC complex is faster than the phosphorylation reaction,
so that the ratio of [KaiA–KaiC] and [KaiA–KaiC–ATP] is immedi-
ately equilibrated. The speed of the modiﬁcation reaction is given
as kp = cpexp(bEp)[ATP] for the mass-action kinetics and as
kp = cpexp(bEp)[ATP]/([ATP] + KATP) for the Michaelis–Menten
kinetics, where cp is a constant independent of the temperature
and ATP concentration. Note that we assumed that only the phos-
phorylation reaction rate depends on the concentration of ATP,
because the dephosphorylation reaction does not need ATP as the
donor substrate. Thus, the speed of the demodiﬁcation reaction is
given as kdp = cdpexp(bEdp), where cdp is a temperature-indepen-
dent constant.
3. Results
3.1. The biochemical oscillator shows nutrient compensation
First, we analyzed the Kai protein model following the mass-
action kinetics. This model shows oscillations in KaiC phosphoryla-
tion levels over a wide range of ATP concentration (Fig. 1). Since
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centration of ATP linearly, the period is expected to decrease with
the inverse of ATP concentration. Indeed, the period decreases
roughly in such a manner when the concentration of ATP is high.
In the low ATP concentration regime, however, the phosphoryla-
tion clock ticks with approximately the same period over a broad
range of ATP concentrations (Fig. 2A). Thus, the post-translational
clock shows nutrient compensation when the concentrations of
donor substrates are not too high. However, the amplitude of the
phosphorylation level drastically changes when the nutrient com-
pensation is achieved, while the amplitude changes slightly in the
high ATP concentration region (inset of Fig. 2A). A similar relation-
ship between the period and amplitude has been already observed
in the temperature compensation [14]: when the period is kept
constant, the amplitude changes, and when the period changes,
the amplitude changes only slightly. 0
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against the change in ATP concentration, while the amplitude dras-
tically depended on ATP concentration [3,5]. However, the experi-
mental result shows that nutrient compensation occurred at high
ATP concentration, while the amplitude did not change at such
concentrations.
3.2. ELC and Michaelis–Menten kinetics work independently to achieve
global nutrient compensation
In general, the speed of the modiﬁcation reactions does not
ceaselessly increase with the concentration of donor substrates,
but starts to saturate following the Michaelis–Menten kinetics or
Hill kinetics, because of fast binding rates and slow modiﬁcation
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behavior is regarded as a mechanism of nutrient compensation at
too high donor substrate concentrations. Actually, the model fol-
lowing the Michaelis–Menten kinetics shows approximately a con-
stant period over a much broader concentration range than the
mass-action kinetics model (Fig. 2B), indicating that the nutrient
compensation mechanism by Michaelis–Menten kinetics and by
ELC work independently in the low and high ATP concentration
regions, respectively.
In contrast to the ELC mechanism, the Michaelis–Menten kinet-
ics change the speed of the reaction at an elemental level, so that,
not only the period but also the amplitude becomes insensitive to
the ATP concentration (see Fig. 2B). These features of the period
and the amplitude agree well with previously reported experimen-
tal results (see Fig. 1E of [5]) and indicate that nutrient compensa-
tion in actual post-translational oscillators is achieved both by
system-level and element-level mechanisms, i.e., at low ATP con-
centration by the system-level ELC, and at high ATP concentration,
by the elemental enzymatic-reaction level.
3.3. Nutrient compensation is caused by the autonomous regulation of
the catalyst concentration
To explain how ATP concentration compensation functions by
ELC, we analyzed the abundance of available enzyme against ATP
concentration. As shown in Fig. 3A, as the ATP concentration
increases, the average value of the summation of inactive KaiCs
(
P½ eCi ) increases following P½ eCi  / ½ATP. The ﬂow from the
inactive KaiC is thus estimated as kdp
P ½ eCi  / ½ATP with ½Ci
as its ﬁxed point (stationary) concentration. Because the
phosphorylation reactions process in a step-by-step manner, the0.01
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Fig. 3. Dependence of the normalized concentrations of the components in the
mass-action Kai protein model upon the concentration of ATP. (A) The maximum
value (red line), the minimum value (blue), and the value averaged over a cycle
(green line) of total concentration of inactive KaiCs are plotted. The average value ofP½ eCi =½Ctotal is roughly proportional to [ATP] (pink dashed dotted line). (B) The
concentration of free KaiA computed when [C5] reaches a plateau, as estimated
from the time where [C3] reaches a peak (see also [14]). This free KaiA concentration
closely follows [ATP]1 (pink dotted line) at low ATP concentrations.amount of active KaiC with m modiﬁcation sites, [Cm] (m = 0–4),
follows ½Cm / kdp
P ½eCi / ½ATP. Therefore, the binding of Cm to
the enzyme increases accordingly and causes the decrease of the
amount of free KaiA, which can be estimated approximately as
[A]free ’ [A]total  ([A]free[Cm])/(Km + [A]free). When [A]total is small
enough, the minimum free KaiA abundance is smaller than Km
and, thus, [A]free ’ [A]total  ([A]free[Cm])/Km. Accordingly,
½Afree ﬃ ½Atotal1þ½Cm =Km ﬃ
½AtotalKm
½Cm  / ½ATP
1 (see Fig. 3B). Therefore, the
amount of free KaiA counterbalances the altered speed of phos-
phorylation by increasing ATP concentration.
This mechanism of compensation is essentially the same as that
previously proposed for temperature compensation [14]. In gen-
eral, homeostasis of the period against various environmental
changes is achieved, as long as the following two criteria are
satisﬁed:
1. The amount of the catalyst is small enough
2. The catalytic reactions rate-limit the total process, and their
speed depends more sensitively on an external parameter than
that of non-catalytic reactions
In the case of nutrient compensation, the second requirement is
satisﬁed when the modiﬁcation reactions consume more donor
substrates than the demodiﬁcation reactions. On the other hand,
for temperature compensation, modiﬁcation reactions require lar-
ger activation energy than demodiﬁcation reactions. The mecha-
nism of temperature compensation can be generally applied to
the robustness of the oscillation period to a variety of external
parameters.
Assume that the speed of the catalytic reaction is given by
Fcat({a})  [A], which rate-limits the process where {a} is control
parameters that sensitively changes the catalytic process. If
Fcat({a}) increases with the parameter ai, ½A / F1catðfagÞ generally
follows according to the above ELC mechanism. Thus, the period,
which is mainly determined by the speed of the catalytic reaction,
is unchanged against the changes in the parameter ai. In this man-
ner, homeostasis of the period is generally achieved.
3.4. Relationship between nutrient compensation and temperature
compensation
To analyze how nutrient and temperature compensation relate
to each other, we calculated the period over a broad range of
temperatures and ATP concentrations in the model with
mass-action kinetics (Fig. 4A). It is evident that the range of ATP
concentration for nutrient compensation and of temperature for
temperature compensation mutually depend on each other. The
region in which the period is insensitive to the temperature or
ATP concentration is roughly estimated when the catalytic phos-
phorylation reaction is rate limiting. At low temperature, the speed
of the phosphorylation reactions is much slower than that of the
dephosphorylation reactions, and the phosphorylation reaction
can be rate limiting over a broad range of ATP concentrations; at
high temperature, a lower ATP concentration is needed to reduce
the speed of phosphorylation.
The region for nutrient and temperature compensation is
roughly estimated from the condition in which the phosphoryla-
tion process is rate-limiting, i.e., cp expðbEpÞ½ATP½Afree½Ci=ð½Ciþ
KiÞ < cdp expðbEdpÞ½eC . Here, the rate-limiting process of the phos-
phorylation is given by its last step C5, at which the amount of inac-
tive KaiC is estimated to be equal to [C5]. As a rough estimate for
the phosphorylation rate, we adopt [C5]  K5 and [A]free  [A]total.
Under these assumptions, the condition for nutrient and
temperature compensation is estimated as b J (ln(cp[A]total/
2cdpK5) + ln[ATP])/(Ep  Edp). The curve estimated taking into
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Fig. 4. Relationship between nutrient and temperature compensation in the model with mass-action kinetics (A) and with Michaelis–Menten kinetics (B). Plot of the
dependence of the period on the concentration of ATP and temperature. The activation energies of the modiﬁcation and demodiﬁcation reactions are given by Ep = 1.0 and
Edp = 0.1, respectively. The dotted line indicates the estimated value of the time scales at which the phosphorylation and dephosphorylation are balanced. Beyond the line
where the period is almost unchanged, the catalytic phosphorylation reaction is rate-limiting (see the main text).
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Although this is a rough estimate, it basically captures the region
for homeostasis of the period and suggests that homeostatic
responses in the period against different external factors occur
when the catalytic reaction is rate limiting.
In the same way, we calculated the period in the model with
Michaelis–Menten kinetics. The region for nutrient and tempera-
ture compensation is estimated to be given by b J (ln(cp[A]total/
2cdpK5) + ln([ATP]/([ATP] + KATP)))/(Ep  Edp) (Fig. 4B). For the low
ATP concentration, the region for homeostatic period is almost
same as in the model of mass-action kinetics. For the high ATP con-
centration, however, a range of temperature for temperature com-
pensation is little affected by the concentration of ATP, because of a
saturation of Michaelis–Menten kinetics. The estimate of the
region with homeostasis of the period and its comparison with
experimental data will be helpful to uncover the kinetics of the cir-
cadian clock.
3.5. Robustness of homeostasis of the period
So far, we have adopted a simpliﬁed model of Kai-protein phos-
phorylation, where the dissociation constants Ki increase exponen-
tially with i and dephosphorylation speed is independent of the
phosphorylation level. In fact, Fig. 3 does not ﬁt experimental data
completely: dependence of maximum phosphorylation level upon
ATP concentration is different. Still, the detailed behavior of
oscillation, including at which phosphorylation level is accumu-
lated, depends on the detailed choice of our model. 10
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protein model with different parameters and (B) the full Kai protein model.In reality, dependence of Ki on i would not be so simple. By
changing these parameter values, the nature of oscillation (e.g.,
the time course of the oscillation or the shape of the limit cycle)
could be changed. We then tested whether homeostasis of the per-
iod is maintained against the changes in parameter values. For
example, we altered the parameter values Ki to Ki = K0 for i = 0
and Ki ¼ K0 
Qi
k¼1 (13–3  (k  1)) for other i, and kdpi to kdp0  di
with Michaelis–Menten kinetics. As shown in Fig. 5A, in this condi-
tion, the oscillation of phosphorylation still exists but dependence
of the maximum and minimum phosphorylation levels upon the
ATP concentration is different from the original model, i.e., the
maximum level more increases and the minimum level less
decreases than previous model (see Fig. 2B) which is closer to
experimental data [3,5]. In spite of the above change in the nature
of oscillation, however, the ATP compensation of the period is still
maintained at a low ATP concentration regime. We have studied
several other examples with different parameter values, including
the change in the dephosphorylation speed depending on the
phosphorylation level i, to conﬁrm that the homeostasis of period
is rather robust against the parameter changes, as long as enzyme
KaiA is limited to support ELC.
Another simpliﬁcation in our Kai proteinmodel is the use of only
two protein components, KaiA as an enzyme and KaiC as a sub-
strate. In the actual in vitro Kai protein clock, KaiB protein is also
included which stabilizes the oscillation of phosphorylation level.
Here, we also analyzed amodel including KaiB protein, by following
the full Kai-protein model introduced by van Zon et al. [15]. In this
model, KaiA and KaiC can bind during dephosphorylation phase010
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are drastically changed. In this casemost of KaiA bindwith KaiC and
KaiB to form a complex, in the middle of dephosphorylation phase,
instead of the last stage of phosphorylation in our simple model
(see [19,20]). In spite of this drastic change, the homeostasis of
the period against the change in the ATP concentration (and tem-
perature) is conserved robustly (Fig. 5B).
Here, we demonstrated the robustness of homeostasis of the
period against not only the changes in parameter values but also
in the components and the reaction network. Even though
detailed nature of oscillations is altered by changing parameter
values, components, and reaction networks, homeostasis of the
period in the biochemical oscillations is conserved, as long as
the ELC mechanism works. The compatibility of robustness of
homeostasis of the period with tunability of details in oscillation
behaviors suggests that the ELC mechanism is applicable to a
wide variety of biochemical oscillations to provide the homeosta-
sis of the period. It is then possible to construct a detailed model
to ﬁt experimental results while keeping homeostasis of the
period by ELC.
4. Discussion
Here, we showed that the ELC provides a general mechanism
for homeostasis of the period of the post-translational biochem-
ical oscillator. If the catalytic modiﬁcation reaction is a rate-
limiting process and the abundance of the catalyst is limited,
the competition for the enzyme leads to compensation against
parameter changes that sensitively alter the speed of the cata-
lytic (phosphorylation) reaction rather than that of the non-
catalytic (dephosphorylation) reaction. Therefore, the period is
robust to parameter changes such as temperature or metabolic
conditions. Experimentally, it is known that the circadian clocks
show robustness of the period against changes in various envi-
ronmental factors such as the temperature or ATP concentration
[3,5,8].
In contrast, it is reported that some external cues can change
the period of the clocks. For example, it is known that the admin-
istration of heavy water (D2O) changes the period of the circadian
clocks of various organisms ranging from unicellular algae to ver-
tebrates [7,21,22]. Indeed, this is consistent with our theory,
because the mechanism that we propose requires selective
change of the speed of the catalytic reaction, suggesting that
external stimuli, which alter the speeds of the modiﬁcation and
demodiﬁcation reactions equally, can change the period
drastically.
The model of KaiC protein, which has six phosphorylation sites,
used in this study seems to be complicated. However, it is reported
that simpler models with a few phosphorylation sites show tem-
perature compensation of the period according to the present
ELC mechanism [14,23], while in the absence of multiple phos-
phorylation sites, oscillations with homeostatic periods are not
available. Our theory, then, shows the general relevance of multi-
meric proteins to the homeostatic response of post-translational
oscillators. Indeed, there are extensive studies on the possible roles
of protein modiﬁcation rhythms on the circadian clocks, to which
our mechanism will be generally applicable.
We expect that ELC provides a general mechanism of robust-
ness of the period of biological oscillators against external changes,
which will be veriﬁed experimentally and will facilitate our under-
standing of homeostasis in organisms.Acknowledgements
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